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Abstract 

Using an extension of the abundancy index to imaginary quadratic 
rings that are unique factorization domains, we investigate what we call 
n-powerfully t-perfect numbers in these rings. This definition serves to 
extend the concept of multiperfect numbers that have been defined and 
studied in the integers. At the end of the paper, as well as at various 
points throughout the paper, we point to some potential areas for further 
research. 


1 Introduction 


Throughout this paper, we will let N denote the set of positive integers, and we 
will let P = {2,3, 5,...} denote the set of (integer) prime numbers. 


The arithmetic functions Cfe are defined, for every integer k, by 
<Jk{n) = For each integer k ^ 0, ak is multiplicative and satisfies 

c|n 

OO 
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pk{a+l) _ ^ 

o'k(p‘^) =-T-;— for all (integer) primes p and positive integers a. The 

pK — I 

abundancy index of a positive integer n is defined by I{n) = ^ ^ \ Some of 

n 

the most interesting questions related to the abundancy index are those dealing 
with perfect and multiperfect numbers. 

A positive integer n is said to be t-perfect if I{n) = t for a positive integer 
t > 2, and 2-perfect numbers, which have been studied since the ancient Greeks, 
are called perfect numbers. It is known that there is a one-to-one correspondence 
between even perfect numbers and Mersenne primes, so it is, therefore, unknown 
whether or not there are infinitely many even perfect numbers. Although no odd 
perfect numbers are currently known to exist, a long list of criteria, sometimes 
known as Sylvester’s Web of Conditions, places demands on the properties that 
any odd perfect number would need to satisfy. 

For any square-free integer d, let be the quadratic integer ring given 

by 

ifd=l(mod4); 

^Q(Vd) = { 

ifc?=2,3 (mod 4). 

Throughout the remainder of this paper, we will work in the rings 
for different specific or arbitrary values of d. We will use the symbol “|” to 
mean “divides” in the ring in which we are working. Whenever we 

are working in a ring other than Z, we will make sure to emphasize when we 
wish to state that one integer divides another in Z. For example, if we are 
working in Z[t], the ring of Gaussian integers, we might say that 1 -I- z|l -I- 
3i and that 2|6 in Z. We will also refer to primes in as “primes,” 

whereas we will refer to (positive) primes in Z as “integer primes.” For an 
integer prime p and a nonzero integer n, we will let Vp{n) denote the largest 
integer k such that p^\n in Z. For a prime tt and a nonzero number 
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we will let Pt^{x) denote the largest integer k such that ‘k^\x. Furthermore, we 
will henceforth focus exclusively on values of d for which is a unique 

factorization domain and d < 0. In other words, d G K, where we will define K 
to be the set { — 163, —67, -43,-19, —11, —7, —3, —2, —1}. The set K is known 
to be the complete set of negative values of d for which is a unique 

factorization domain [3]. 

For now, let us work in a general ring such that dGK. For an element 

a + b\/d S with a, 6 G Q, we define the conjugate by a + by/d = a — by/d. 

We also define the norm of an element z by N{z) = z'z and the absolute value 
of z by \z\ = yj N{z). We assume familiarity with the properties of these object, 
which are treated in Keith Conrad’s online notes m- For x,yG we say 

that X and y are associated, denoted x y, ii and only ii x = uy for some unit 
u in the ring Furthermore, we will make repeated use of the following 

well-known facts. 

Fact 1.1. Let dGK. If p is an integer prime, then exactly one of the following 
is true. 

• p is also a prime in • In this case, we say that p is inert in . 

• p ^ TT^ and TT ^ tF for some prime tt G ^q(^) ■ I’’^- ihis case, we say p 
ramifies (or p is ramified) in 

• p = tttF and tt / tt for some prime tt G case, we say p 

splits (or p is split) in O^^^y 

Fact 1.2. LetdGK. is a prime, then exactly one of the following 

is true. 

• TT ^ q and Nlrr) = for some inert integer prime q. 

• TT ~ TT and N(tt) = p for some ramified integer prime p. 
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• TT TT and N(tt) = N{Tr) = p for some split integer prime p. 

Fact 1.3. If d G K, q is an integer prime that is inert in and x G 

Oq(^)\{ 0}, then Vq{N{x)) is even and Pq{x) = \vq{N{x)). 

Fact 1.4. Letp he an odd integer prime. Then p ramifies in if and only 

if p\d inh. If p \ d in Z, then p splits in if and only if d is a quadratic 

residue modulo p. Note that this implies that p is inert in if and only 

if p \ d in 1 and d is a quadratic nonresidue modulo p. Also, the integer prime 
2 ramifies in and ’ splits in V-^) ^ and is inert in 

for all d G i4r\{—1, —2, —7}. 

Fact 1.5. Let be the set of units in the ring Then = 

{± 1 ,±»). = {± 1 } 

whenever d G K\{—1, —3}. 


For a nonzero complex number z, let arg(z) denote the argument, or angle, 
of z. We convene to write arg(z) G [0, 27r) for all z G C. For each d G K, we 
define the set A{d) by 


A{d) = < 


S ^Q(Vd)\{0} : 0 ^ arg(z) < f}, 
^ ^Q(\/d)\{0} : 0 ^ arg(z) < f}, 


if d = —1; 
if d = —3; 


{z G Oq(^)\{0} : 0 < arg(z) < tt}, otherwise. 


Thus, every nonzero element of can be written uniquely as a unit times 

a product of primes in A{d). Also, every 2 ; G C>q(^)\{ 0} is associated to a 
unique element of A{d). The author has defined analogues of the arithmetic 
functions ak in quadratic rings with d € if [2], and we will state the 

important definitions and properties for the sake of completeness. 

Definition 1.1. Let d G K, and let n S Z. Define the function 
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C’Q(Vd)\{0} by 


Sn{z) = \x\". 

x\z 

x£A{d) 

Remark 1.1. We note that, for each x in the summation in the above definition, 
we may cavalierly replace x with one of its associates. This is because associated 
numbers have the same absolute value. In other words, the only reason for the 
criterion x G A{d) in the summation that appears in Definition 11.11 is to forbid 
us from counting associated divisors as distinct terms in the summation, but we 
may choose to use any of the associated divisors as long as we only choose one. 
This should not be confused with how we count conjugate divisors (we treat 
2 + 1 and 2 — i as distinct divisors of 5 in Z[i] because 2 + i / 2 — i). 

Remark 1.2. We mention that the function 5n is different in each ring 
Perhaps it would be more precise to write Sn(z, d), but we will omit the latter 
component for convenience. We note that we will also use this convention with 
functions such as (which we will define soon). 


We will say that a function /: —>■ K is multiplicative if f{xy) = 

f{x)f{y) whenever x and y are relatively prime (have no nonunit common di¬ 
visors). The author has shown that, for any integer n, 6n is multiplicative [2]. 


Definition 1.2. For each positive integer n, define the function 

S fz) 

■ ^Q(Vd)\{0} [1: oo) by In{z) = ■ For a positive integer t > 2, we say 

that a number z€ C)Q(+d)\{b} is n-powerfully t-perfect in if In(,z) = t, 

and, if t = 2, we simply say that z is n-powerfully perfect in O^^^y Whenever 
n = 1, we will omit the adjective “1-powerfully.” 


As an example, we will let d = —1 so that = Z[*]- Let us compute 

/2(9 + 3z). Wehave9 + 3z = 3(l + i)(2-f),sod2(9 + 3f) = A^(l)+iV(3) + A^(l + 
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z) + Af(2-i)+iV(3(l+i)) + iV(3(2-i)) + iV((l + i)(2-i)) + 7V(3(l + z)(2-z)) = 

1 SO 

1 + 9 + 2 + 5 + 18 + 45 + 10 + 90= 180. Then/2(9 + 3z) = ——---^ = 2, 

A'(3(l + i)(2 - i)) 

so 9 + 3i is 2-powerfully perfect in C>q(^/ 3 X). 

We omit the (fairly simplistic) proof of the following theorem because it is 
included in [5]. 

Theorem 1 . 1 . Let n€N, d€K, and 2:1,22, tt G ’’’ ® prime. 

Then, if we are working in the ring the following statements are true. 

(a) The range of In is a subset of the interval [l,c»), and /„( 2 i) = 1 if and 

only if zi is a unit in If n is even, then /„( 2 i) G Q. 

(b) In is multiplicative. 

(c) In{zi) = d-nizi). 

(d) If zi\z2, then Inizi) < In{z2), with equality if and only if zi ~ 22. 

Henceforth, we will focus on the existence of n-powerfully t-perfect numbers 
for n ^ 2. 


2 Exploring n-powerfully ^-perfect Numbers for 

nj^2 


We begin this section with a theorem (after two short lemmata) that dramati¬ 
cally limits the number of possibilities that we may consider when dealing with 
n-powerfully t-perfect numbers. 

Lemma 2.1. Let d G K, and let n G N. If z £ ^Q(+d)\{0} n > 3, then 
—j , where f denotes the Riemann zeta function. 
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Proof. Let 'L(z) be the set of primes in A{d) that divide z, and let $ be the set 
of primes in A{d). By parts (b) and (c) of Theorem ll.il as well as Fact ll.2l we 
may write 


In{z) = 



k^T 


= n 

|7r|GN 




n 

7rG^(2) 


7r~7r 




n 

7rG^(2) 


E*—) 





7r~7r TT'T'^Tr 


= n 

q is inert 



n 

pGP 

p ramifies 



n 

pGP 
p splits 




2 


< n n (e^) n 

,6P V=0V^ ) PGP \j=oVP’ j P6P 

q is inert p ramifies p splits 




2 


=n 




□ 


We state the following lemma without proof, though the proof may be found 
as a corollary of Lemma 3.4 in [5]. 

Lemma 2.2. Let us fix d € K and work in the ring Let n he an odd 

positive integer, and let z G ^Q(Vd)\{^}- V In{z) is rational, then all primes 
dividing z are associated to inert integer primes. 

Theorem 2.1. Let d G K. For any integers n > 3 and t > 2, there are 
no n-powerfully t-perfect numbers in because /„(z) < 2 whenever z G 
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^Q(Vd)\{0} ^n{z) e Q. 


Proof. Let z S be such that In{z) € Q. If n > 5, the proof follows 

from Lemma [23 because, in that case, we have /„(z) < ( ~ 1.799 < 2. 

Now, let n = 3. Because n is an odd positive integer and /„(z) is rational. 
Lemma tells us that any prime dividing z must be associated to an inert 
integer prime. Therefore, 


In{z) 


n 

■k\z 

Tz^A{d) 




< n 

gGP 

q is inert 



<n 



C(3) < 2. 


The only case left to consider is the case n = 4. As an intermediate step in 
the proof of Lemma [Q we arrived at the inequality 


Iniz) < 

q is inert 



n 

pGP 

p ramifies 



n 

pGP 
p splits 



2 


( 1 ) 


Substituting n = 4, we have 


h{z) < n 

gGP 

q is inert 



n 

pGP 

p ramifies 



n 

pGP 
p splits 



Now, suppose that the ring in which we are working is one in which the 

integer prime 2 is inert. Then 


hiz) < 



n 

gGP 

qis inert 
9/2 



n 

peP 

p ramifies 



n 

pGP 
p splits 






s n n n 


2^j 

I q^F \i=0 
q is inert 
q^2 


p^P \i=0 

p ramifies 


p^P \j—0 

p splits 


HEwlnlEi) =c(^)MEi) (Ew 


24j 

yj = 0 / pSP \i = o 

p/2 


0=0 


0=0 


TT^ 9 16 ^^2 

“ ^ ’ 16 ‘ 15 “ ^ ^ 


Now, recall from Fact ll.4l that the only d G K ^ 0 T which 2 is not inert in 

are d = —1, d = —2, and d = —7. If d = —1, then 2 ramifies and 3 is inert. 

Therefore, if we write H = ^ j ^ j , then 


hiz) <n Y[ ^ 


n (Eil n (e ^ 

g^P \j—0 

q is inert n ramifies 

9/3 P5^2 


„4j I 11 1 p2j I 11 1 p2j 

^ I pGP Vi=0 ^ / pGP Vi=o ^ 

p splits 


-2 


n lEi) =<w(i:w) (Ei) (1:5^ 


pGP \t=0 ■ 
p/{2.3} 


0=0 


0=0 


0=0 


3 64 81 TT^ 
^ ' 4 ' 81 ' ^ ^ TO 


Similarly, if d = — 2, then 2 ramifies and 5 is inert. Therefore, we may replace 
all of the 3’s in the above chain of inequalities with 5’s to arrive at 


_ TT^ 3 576 625 _ tt^ ^ 

Finally, we consider the case d = —7. In this case, 3 and 5 are both inert. If we 
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write J = 


, then 




1 


uM<j n fEw) n 

^ J pGP 

q is inert n ramifies 

g^{3,5} 



n 

pGP 
p splits 



2 


-2 


-2 


n lEil =-7 <p)Mi:w1 (Sw 


pGP 

P^{3,5} 


J=0 


Kj=0 


J=0 


52i 


1% 


< 2 . 


This completes the final case. □ 

Theorem 2.2. Let d G K. A number z G C’q(^)\{0} satisfies Ii(z) = b G Q 
if and only if it is associated to an integer whose (traditional) abundancy index 
is b and whose prime factors (in Z) are all inert in . 


Proof. Suppose z G C>q(^)\{ 0} satisfies Ii{z) = b G Q. If 6 = 1, then the 
desired result is clear because z ^ 1. Therefore, we may assume b > 1. Lemma 
[Ml tells us that all primes dividing z are associated to inert integer primes, 
which implies that z is associated to an integer whose prime factors (in Z) are 
all inert in We may, therefore, write z ^ r for some r S N. As all 

primes dividing r are associated to inert integer primes, we have /i(r) = d(r), 
where I is the traditional abundancy index defined over N. Therefore, /(r) = 
h{r) = h{z) = b. 

Conversely, if z ^ r, where r is an integer whose (traditional) abundancy 
index is a rational number b and whose prime factors (in Z) are all inert in 
^Q(^/d) ’ tl^en h (z) = h (r) = I{r) = bGQ. □ 
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Corollary 2.1. Let d € K. A number z G ® t-perfect number 

in if ctnd only if it is associated to an integer that is t-perfect in Z and 

whose prime factors (in h) are all inert in 

Proof. Simply set b = t in Theorem 12.21 □ 

Let us now restrict the scope of our exploration to perfect numbers in a ring 
^Q(Vd) [d^K). That is, we will search for n-powerfully t-perfect numbers with 
n = 1 and t = 2. We will repeatedly make use of Corollarv l2.1l and the following 
two well-known facts about perfect numbers in Z [21 [S]. 

Fact 2.1. A positive integer r is an even perfect number (in h) if and only if 
r = 2P~^(2P — 1) for some Mersenne prime 2^ — 1. 

Fact 2.2. If r is an odd integer that is perfect in Z (assuming such a number 
exists), then r = p^m^, where p is an integer prime and k,m G N. Furthermore, 
p = k = 1 (mod 4), TO > 1, and p] m inX. The expression p^w? is known as 
the Eulerian form of the odd perfect number r. 

Theorem 2.3. There are no perfect numbers in the ring of Gaussian 

integers. 

Proof. Suppose z is perfect in . Then, by Corollary 12.11 z ^ r for 

some positive integer r that is perfect in Z. Furthermore, all integer primes 
that divide r in Z must be inert in We know (by Fact ll.4(l that an 

integer prime is inert in if and only if it is congruent to 3 modulo 4, so 

we conclude that all integer primes that divide r in Z must be congruent to 3 
modulo 4. Thus, r is odd, so Fact l2.2l tells us that there exists an integer prime 
p that divides r in Z and is congruent to 1 modulo 4. This is a contradiction, 
and the desired result follows. □ 
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Theorem 2.4. There are no perfect numbers in the ring of Eisenstein 

integers. 

Proof. Suppose z is perfect in C>q(^/ 33 ) . Then, by Corollary 12.11 z r for 
some positive integer r that is perfect in Z. Furthermore, all integer primes 
that divide r in Z must be inert in C)q(^/ 33 )- We know (by Fact II.4(1 that an 
integer prime is inert in if and only if it is congruent to 2 modulo 3, 

so we conclude that all integer primes that divide r in Z must be congruent to 
2 modulo 3. If r is even, then we may write r = 2P“^(2P — 1), where 2^ — 1 is a 
Mersenne prime. However, then 2^ — 1 is an integer prime that divides r in Z, 
so we conclude 2^ — 1 = 2 (mod 3), which is impossible. Therefore, r is odd, so 
we may write r in the Eulerian form r = p^mf. From the fact that r is perfect 

k 

in Z, we have 2p^m^ = a{p^rinf ) = (T{p^)a{wf) = a{mf) . Now, Fact 12.21 

3=0 

tells us that k is odd, so p + 1| in Z. As p = 2 (mod 3), we find that 

k 

3lE p^ |2p^m^ = 2r in Z. Therefore, 3|r in Z, which is a contradiction because 
3=0 ^ 

all the integer primes that divide r in Z are congruent to 2 modulo 3. □ 

The method used to prove Theorems 12.31 and 12.41 may be used to explore 
the properties that perfect numbers in the other seven rings (corresponding 
to d S {—163,—67,—43,—19,—11,—7,—2}) must possess, but the casework 
can become tedious very quickly. For this reason, we will only briefly explore 
properties of hypothetical perfect numbers in Oqj-. 

If z is perfect in (a ring in which 2 ramifies), then z ^ r, where 

r is an odd integer that is perfect in Z and has Eulerian form r = p^mf. In 
addition, —2 is a quadratic nonresidue modulo an integer prime if and only if 
that integer prime is congruent to 5 or 7 modulo 8. Therefore, because Fact 12.21 
states that p = 1 (mod 4) (and because p must be inert), we find that p = 5 
(mod 8). Write m = m\m 2 with mi, m 2 S N so that all integer primes dividing 
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mi in Z are congruent to 5 modulo 8 and all integer primes dividing m 2 in Z are 
congruent to 7 modulo 8. Let mi = be the canonical prime factorization 

of mi in Z, and let L = |{j G {1, 2,..., s} : aj is odd}\. Using this notation, 
we may state and prove the following theorem. 

Theorem 2.5. Let all notation be as in the preceding paragraph. If k = 1 
(mod 8), then L is odd. If k = 5 (mod 8), then L is even. 


Proof. First, as p, k, and m are all odd, we have p^mf = p ■ {p^) 2 rnf = 
p(l)(l) = 5 (mod 8). Therefore, 2r = 2p^m^ = 2 (mod 8). Now, 


2r = a{p^vn?) 


a{p'")a{ml)a{ml) = a{m\) 



s / '2a j 

HE 


i=i \i=o 



Let q be an integer prime that divides m 2 in Z. Then cr((jf*^'>(’" 2 )) = i_|_g_|_ 
+ ■■ ■ + 5*^9(™ 2 ) = 1 (mod 8) because ^^(ml) is even and q = 7 (mod 8). 
This implies that ^(ml) = 1 (mod 8). Furthermore, for any j G {1,2,..., s}, 

2q;j 2Q;j 

we have ^ ^ 5^ = 6aj + 1 (mod 8). Assume k = 1 (mod 8). One may 


k k 


verify that, under this assumption, E^^'-E 5* = 6 (mod 8). We then have 

1=0 1=0 


2 = 2r = cr(m|) 



^ 2a T 


HE' 

1=1 \i=o 


1 + 1) (mods), 

1=1 


which implies P(6aj + 1) = 3 (mod 4). Whenever aj is even, 6aj + 1 = 1 
1=1 

(mod 4). In addition, whenever aj is odd, 6aj + 1 = 3 (mod 4). Therefore, L, 
which is the number of integers j G (1,2,..., s} such that aj is odd, must be 
an odd number. 


k k 

On the other hand, if fc = 5 (mod 8), then E^'-E 5' = 2 (mod 8). We 
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then have 


/ k \ ® \ s 

2 = 2r = cr(m^) ) IT XI ^ 

\/^o / i-1 \^-o / i-i 

s 

which implies J^(6aj + 1) = 1 (mod 4). Again, whenever Uj is even, Ga^ + 1 = 
i=i 

1 (mod 4). Also, whenever aj is odd, 6aj + 1 = 3 (mod 4). Therefore, L must 
be an even number in this case. □ 

We note that it has been conjectured (supposedly by Descartes) that the 
value of k in the Eulerian form of any hypothetical odd number that is perfect 
in Z must be 1. If the conjecture is true, then Theorem 12.51 implies that L must 
be odd. 

We note that there are definitely rings with d £ K that contain 

perfect numbers. For example, one may show that an integer prime is inert 
in if and only if that integer prime is congruent to 2, 6, 7, 8, or 10 

modulo 11. Therefore, if 2^ — 1 is a Mersenne prime that is congruent to 6 or 7 
(one may show, using the fact that p is prime, that 2^^ — 1 cannot be congruent 
to 2, 8, or 10) modulo 11, then 2p~^(2p — 1) is perfect in For example, 

28, 8128, 2^^“^(2^^ — 1), and 2^^“^(2^^ — 1) (this list is not exhaustive) are all 
perfect in . 


3 Suggestions for Further Exploration 

We acknowledge the entirely possible generalization of the definitions presented 
here to the other quadratic integer rings. In particular, generalizing the abun- 
dancy index to unique factorization domains with d > 0 seems to be a 

manageable task. 
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Even if we continue to restrict our attention to the rings with d€K, 

we may ask some interesting questions. For example, in a given ring 
with d £ K, one may wish to examine the properties of t-perfect numbers for 
t >2. 
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